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Point-Set Topology Qualifying Exam
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Exercise. Let 7(x,y) = x denote the projection of R? onto R, and let m(A) denote the image under
7 of a subset of A of R2.

(a) Let p* be an outer measure on the subsets of R. Show that v*(A) := p*(7(A)) is an outer

measure on the subsets of R2.

v* is an outer measure if

e U*(A) >0 for A C R?
e v(0)=0
e V(A <V (B)ifACB

o VH(UPA;) < X (A))

o Let A C R?% Then v*(A) = p*(m(A)) > 0, since u* an outer measure on R and 7(A4) C R.
=0

o v(0) = pr(w(0) = p(0)
o If AC B then n(A) C 7(B) since
ren(Ad) = (z,y) € Afor some y € R

= (r,y) € B
= z €7(B)

. v (A) = p*(r(A)) < pu*(n(B)) since m(A) C 7(B) and u* an outer measure
= v(B)
) VIR Ay) = pt(r(UT4;))
— 1 (U(A4y))
= leu*(W(AJ))
= ilo:’/*(Aj)

Thus, v* is an outer measure on R2.




(b) Let A* be Lebesgue outer measure on the subsets of R, and let p*(A) = A*(7(A)). Show that
if A= B x R, where B is a Lebesgue measurable subset of R, then A is a p* measurable set.
Show where the assumption that A has this particular form is used.

Ais p*—measurable iff p*(E) = p*(ENA) + p*(E N AC for all E C X.
Let A = B x R, where B is Lebesgue measurable subset of R, and let £ C R?, E = E; x Es.
P (E) = X(n(E)) = X(E)
P (ENA)+p (ENAY) = X (n(ENA))+ X (r(E N A))

= X (m((Ey x E2) N (B x R))) + X (x((E1 x Ey) N (B x R)Y))
= \(E; N B) + X*(E; N BY)
= \'(En)
= p"(E)




