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Exercise. Let π(x, y) = x denote the projection of R2 onto R, and let π(A) denote the image under
π of a subset of A of R2.

(a) Let µ∗ be an outer measure on the subsets of R. Show that ν∗(A) := µ∗(π(A)) is an outer
measure on the subsets of R2.

Solution.
ν∗ is an outer measure if

• ν∗(A) ≥ 0 for A ⊆ R2

• ν(∅) = 0

• ν∗(A) ≤ ν∗(B) if A ⊆ B

• ν∗(∪∞
1 Aj) ≤ ∑∞

1 ν∗(Aj)

• Let A ⊂ R2. Then ν∗(A) = µ∗(π(A)) ≥ 0, since µ∗ an outer measure on R and π(A) ⊆ R.

• ν∗(∅) = µ∗(π(∅)) = µ∗(∅) = 0

• If A ⊆ B then π(A) ⊆ π(B) since

x ∈ π(A) =⇒ (x, y) ∈ A for some y ∈ R
=⇒ (x, y) ∈ B

=⇒ x ∈ π(B)

• ν∗(A) = µ∗(π(A)) ≤ µ∗(π(B)) since π(A) ⊂ π(B) and µ∗ an outer measure
= ν∗(B)

• ν∗(∪∞
1 Aj) = µ∗(π(∪∞

1 Aj))
= µ∗(∪∞

1 π(Aj))

=
∞∑
1

µ∗(π(Aj))

=
∞∑
1

ν∗(Aj)

Thus, ν∗ is an outer measure on R2.
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(b) Let λ∗ be Lebesgue outer measure on the subsets of R, and let ρ∗(A) = λ∗(π(A)). Show that
if A = B × R, where B is a Lebesgue measurable subset of R, then A is a ρ∗ measurable set.
Show where the assumption that A has this particular form is used.

Solution.
A is ρ∗−measurable iff ρ∗(E) = ρ∗(E ∩ A) + ρ∗(E ∩ AC for all E ⊂ X.
Let A = B ×R, where B is Lebesgue measurable subset of R, and let E ⊆ R2, E = E1 × E2.

ρ∗(E) = λ∗(π(E)) = λ∗(E1)
ρ∗(E ∩ A) + ρ∗(E ∩ AC) = λ∗(π(E ∩ A)) + λ∗(π(E ∩ AC))

= λ∗(π((E1 × E2) ∩ (B × R))) + λ∗(π((E1 × E2) ∩ (B × R)C))
= λ∗(E1 ∩ B) + λ∗(E1 ∩ BC)
= λ∗(E1)
= ρ∗(E)
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